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Abstract
S

The incomp~~ete Dlrichlet ’s multiple integral is defined as

~~~ ~2 ’ ~JJ ;• J f(t1 + t2 + •‘• + t~) t1 t2 
~~n dt 1 dt2 ••‘

where R — {(t1, t2, •• , ta): t i~ > 0, ~ t
1 

c 1, ~~~ c a~ ~ t~; i — 1, 2, ~~~~~~~ n — 1)

It is shown that this integral is reducible to a single integral involving products

of incomplete beta fuctions as a multiplicative constant . The results are

generalized and extended to other multiple integrals. Finally, as an application

a class of .ultivariate type distribution defined by a functional form is par-

tially investigated.
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1. Introduction

If f(s) is a continuous function of some real non—negative argument , and

> 0, 1 1, 2, ••‘ , it, then the Dirichlet’s multiple integral

n— l a —i n— i
In — J J J f(t

1 + t
2 

+ •. .  + t~) t1
1 

t
2

2 
•.. ~~ dt dt2 ~~

•.  dt0
t
l
+t2

+. • s+t it~.l (1)

may be expressed as the single integral (51, (18]

r(a1)r(a)~ ••• r(a)~ 
j
f(r)r l 2 f l dT

r(a1 + a 2 + ...+a~) ~
Alternatively, we may express the multiplicative quotient involving games func-

t ions in terms of products of beta functions and write

I~ — ~~~~~~ a1)B(a 3, a2 + a1) ••• B(u~, a 1 + + ... + + a1)

)—l
~ f(r)r dr (2)
J O

where in general

B’t — 
FU)r(a)

An extension of (1) was proposed by Sivazlian [16] where in (1) the argument

of the function f(.) was replaced by various partial sums of the variables t1,
•~ •, t~. Further extensions in the integrand form of (1) were proposed by

Sivaziian 117) and Klaakin (13]. Elaskin also suggested an interesting

extension of (1) In yet another direction, namely by changing the region of
r n

integration to ((t1. t2, ..., t5): t1 > 0, 
~ 

c t, 
~ 

t~ .c t’), t, t ’ > 0.
1 r+l

The multiple integral is then reducible to a double integral again involving

quotients of g a  fu~ctions as its multiplicative constant.

In the pre sent work , vs propos, still another region I defined for

O < a 1 1., 1.1, 2, ...,na s the slaplez

1



I — Ut1. t2, . . . ,  ta): t~ ~ O~ ~ t1 ~ 1~ ~~~~ -
~~~ 

a~. !
i — l , 2,...,n— 1 } (3)

and define the incomplete Dirichiet’s multiple integral as

a— l a —i a— i

~~~~~~~ f tj + t 2 + • ’ . + t ~ ) t1 t 2 ~~ • •

1 dt1 dt2 ... dt 1~ (4)

This integral is not reducible to any of the previous forms investigated.

However, in the very special case when aj — ~ the Liouville’s extension of

Dirichiet’s integral, that is form (1) is recovered. In general, we shall show

that the proposed multiple integral (4) has the same format as (2) except

that the multiplicative constants outside the single integral are products of

incomplete beta functions. We shall show that 
~~ 

kI~~ where k is the product

of (n — 1) incomplete beta function ratio.

2. The Incomplete Dirichiet’s Multiple Integral

To reduce (4), we first make the change in variable t~ — x~, I — 1, 2 , ... ,

n. The Jacobian of the transformation is clearly 2’1x x ... x • The new12 n

region of integration I is defined by the set of points

R ((a1, a2, ..., xe): xi > 0, ~ 4 c 1, *1+1 ~~ 
,‘~~~~+ x~ + ... + 4

for i — 1 , 2, ...,n— 1 }

Hence
2a —l 2a —1 2a —l

?~~. 2 J j . : J
f(xi + x 2 + . .. + x ~) x i z2 x~

1 dic1 ~~2

We now utilize a second chan ge in var iable which is the elegant transformation

into generalized n—dimensional spheric al coord inates prop osed by Seblafl i in

• less (4], also by Clare in iBEl 151, and used often in statistics (e.g. see

(121). Let than

2
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— ~~ ~~~ 8n-l 
cos •‘~~ cos 8~ cos 02 COB

r COB COB 0n 2  CO S 03 COB 02 ~in

r COB 0n—l 
COB 0

n—2 ‘ COB 0
3 

sin 02
5 5 . .

x r cos 8 sin en—l n—l n-2

• x r sin 8n n—l

The Jacobian of the transformation is

k n-i n—2 n—3r (con 
~~~~~~~~ 

(coB en_2) •“(cos

To determine the new region of integration 1, we note that the ball

0< ~~~4< 1is mapped into the set of p o i nt sO < r < l .  Also, for i — l , 2,

..., n — 1, the set of points def ined by

0 < x j+1 < /c ~i x ~~+ ...+4

is mapped into the set of points

o < r con e~~ COS 0n—2 • •  con 01+2 con 01+1 sin

/çr con 0n~l 
COB e~ ..2 •• •  COB 01+1 coB

or o < t a n e1 < /ç

• or o < e i < tan ’v’c

It thus follows that R is mapped into R where

R — {(r, 01, ~~ 
en_i): 0 < r 1, 0 < 0

~ 
< tan ’vc

for i — 1, 2, ..., n — l}

The expression for ~ can then be written as

• 2 2al—l
— ? ff •‘• J f(r ) (r cos 0n—1 COB 8n—2~~ 

~~~~ 
~2 

COB Oi) 
~I (r to. 8 1 

cos 0
2
••S cos 0

2 
sin 

~~ 

2

2a -l Zn -in—I. a(r en_i sin 0n—2~ 
(r ~ 1ui

• (r’~~(cos en-1)
”2 (cos en_2)”~

3••• (cos 
~~~ 

dr do1 d02’•’dO

• 2 r2~~1I
~2 s ~~1%)

] 
f(r2)dr)

3
- 
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1 2a —]. 2a —lf (sin Oi) 
2 (con ei) 

1 dO1]

tan s 2a3-l 2(a1+a2)-1t (sin 0
2

) (cos 02) do2]

tan /an_2 2a —1 2(a +a +.. .+a )—l
C (sin 0

n—2~ 

n—i 
(con 0

n—2~ 

1 2 n—2 
d00_21

• t5fl~~~~~~~~1 2a —l 2(a ~~~ +.. .
~~~~ 

)-l
~ 1o 

(sin 
~n—i~ 

~ 
~ 0n—1~ 

1 2 n—i dO~_1]

Making the Change In variable T — r2 and u1 sin2 01, 1 — 1, 2 ,

n — 1, we obtain

a1 a2
l+ai 

(1
2~

l a
1—1 1+a2 a3—i a

2
+a

1
—l

- [ f u1 (1 - u
1) du

1] ~ ~2 
(1 - u2) du2]

an—i
rl+a a —l a +u +.. .+u +a —1I n-i n n—i n—2 2 1

~ u~~ (1 — u~_1) dun_i]

a +c* + + u  —l• F] f ( r ) r 1 2 ~ dt]
0

Using the definition of the incomplete beta function

B (a, ~) • 
r 

~a~i (1 — y)8~
1 dya

we obtain the following expression for

• [3 a1 ~~2’ ~~~~~ a2 ~~~~~ ~2 
+ •• [B~~ (a , 

~~~~~~~~~ 

+

• 
~~
;- Iii-1 2 

°n—2 + ••~~ + a
1
)]

• f ( r ) r 1 2 u-l dr (5)J o

4•
__________________________ ______ 
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Finally, if I~(a, b) — B
x
(5
~ 

b)/B(a , b) Is the incomplete beta function ratio,

then clearly:
n—l

-
~ i /I — I I I  (a , a +a + •.~~+a )  

-

• n n  a I i-i 1—2 1
• i—i I
• 1+a1

which is Independent of the function f( ). In the special case when a1 
— ~~

for all i - 1, 2, ..., n — 1, the value of the previous expression equals 1.

• S 

_ _  
A

~~~~~~~~~~~~~~~~~~ !~~: 
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3. Some Generalizations

We consider two generalizations of particular interest although other

classes of multiple integrals may be treated in the same fashion. First

• consider the multiple integral

a—i  a—i a— l— I I • .  I f (u 1 + u2 + ..• + u)u1
1 u2

2 ••~~ u~~

• 
du1du2 • • •  du (6)

where S is the simplex defined by the set of points

S — {(u1, u2, ..., un
):Uj  > 0, ~~ u~ < t , u1~~ ~~a1 ~ u~;

i 1 , 2, ..., n — i I

Making the change in variables U
1 

t t1, I — 1, 2, ..., n, we obtain

a +a + ‘••+a
— ~ 

1 2 ~‘ I f  •
~~~

• f f [t ( t
1 + t 2 + ... + ta

)]

a— i a —i a— i1 2 •.. ~ dt dt • • •  dt1 2 n 1 2  n

where R is the same simplex as (3). Using (5) and after making an obvious

• change in variable we obtain

• I~ (t) — [B 
a1 ~~2’ 1 1 1 2 

(a3, a2 + a1)] ‘•~~ [B

l+a1 1+a2 l+a,~_1
al+a2+...an~

l
• 

~ n’ %—i + an-2 
+ ... + a~)] 

~~~~~ 

f (r ) r  • df ~~~

(7) i~ of the same form as (5) except for the upper limit of the integral.

We next consider the integral

v 6i v 62 v
K~( t ) _ ( f . . . f f [(_ L) + (..i) + . . . + ( —

~ ) ] .
T q1 q2

a—i a —i a-i
• v1’ V

2
2 

•~~ • v dv1dv2 “ dv (8)

S

6
— • - • . “ -  ___________________________



where T is the region of integration defined by the set of points

S ~ ~ ~i 
,,, Bi+i

T — { (v1, v2, ... , v )  : v
1 

> 0, ~~ ~!) < t ,
1 1 1+1

I V 8j

~ aj  ~ (~1) ; I — 1, 2 , ..., n }
i i

under the assumptions that 61 
> 0 , a1 > 0 , > 0 for I — 1, 2 , ... , n. Here,

vi• making the change in variable (i—) — u1, i — 1, 2 , ..., n, we obtain
I

a a a1 2 n

K~(t) - ~ 
+ + u )

which Is of the same form as (6). Hence, using (7) we obtain
a a a1 2 n

K (t) — 
1 2  

.:: 3 
(B

~!1:_ 
(4~ ~-1) ] [ B  a2 ~~~~~~ 

.~~~~~ +~~~~i)1

l+a1 i+a2

... (B a~...j (. , 
!!—l + + ... + .1)]

• n n—i n—2 a a a

• ~t
J o f ( r ) r  dT (9)

7



4. Extensions

We now consider for r — 1, 2 , ... , n and 0 < s < n  — r, the integral

a—i a-i a—ij  — f f .

~~~~ 

f f (t  + ~ + •.~ + t~~~~)t 1
1 t2

2 • • •  ta
n dt1 dt2 ‘ dt~

Where I is the same region as described in (3). the function f ( )  and the

parameters a1, a2, ... , a
n 
are as defined before. It is possible to reduce

and J~~0 to single integrals although a simple reduction does not

appear to exist for other values of r and s

a. The Integral Ji,n—2

We first show that a double Integral of the form

1b ça 1 81ff(a, b) — J 0 J 0 f (t (1  — v)A][t(1 — V) ]
a 

(tv)  t dr dv

where 0 < a,b < 1; A > 0; a,8 > 0 is reducible to single integrals. Making

the change In variable r(i  - v) — 0 and (1 — v) — u, we get

H(a , b) — 
‘i-b J~ f(A0)e~~

61 (1 - u)6’ ~8—1 dO

In terchanging the order of integration yields

a+6—1 8—1 —6—1• H(a, b) — f(AO)e (1 — u) u du de

• a
• ~a(l—b) ~~ ~. 

ti—b 8 1 —8 1
— f (AO )O

a — .I~ (1 
— u) u du dO

a

4 Making the change in variable t — (1 — u)/u we obtain finally

l~a , b) - f f(Ae)0~~
6
~~(~ - 1)

6 dO

~ 
a(l—b ) 

~. 
_____ 

8

— 

~ 
J 0 ~ *e)e ((.

~ 
— i)~ — 

b 
,~) IdO

8
——



0 Now
a—i a— i  a — i

1l,n—2 
— II • • •  f f(t1 + t 2 + ~~~~ + tn_i)tl

l t 2
2 •• •

dt dt ‘•• dt1 2 a

To evaluate l,n 2  we perform the same sequence of variable transformation

as in the evaluation of 
~n’ 

and obtain

— [B 
a1 

(a2, a
1

) ] ( B  
82 

(a3, a2 + a1)]  •• •  [B 8n—2
1+81 I+a2 1+L~_2

(n il an_2 + %~3 
+ ~~~~~ +

an-i
,l+a ,I. a +u +‘• •+cg —ii n—I . i 1 2 n—i

j~ f [r ( 1  — u~_1) ] [ r( l  — U
n_i )]  

— 1
(r  u~_1) 

n t dr dU~_ 1

This double integral is of the same form as H(a , b) with A — 1, a 1,

b — a~_1I(l + a
n-i

) , a — a
1 + a2 

+ •. .  + %—i’ ~ 
— a

n . Hence

— [B a1 (a2, a1) ] [B  82 ((13. a2 + a1) J  ••~~ [B an_2
• TL~~~~~~~~ 

l+8j

• (a , a + a  + ‘••+a))
n—i n—2 n—3 1

1 a+ a +”•+a —I. a(-L i f(e)e 1 2 n (1 l)~~~~dO

— 
1 

J~~~n_ 1 f(e)e
(1l+82~~~

+8n~ [(* - 1) fl 
- (a~_1)~~JdO

and in final form

— [B a1 ~~2’ 
a1) ] ( B  a~ ~~3’ 

a2 + Q1 
•~~ ‘ [B~~_2

l4t2

(an-,, ~n-2 + (1~...3 + C$~_3 + ‘•‘  + ar)]

S ~~~~~~~~ 
• .

~
-. • — 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~



• 1
1 1+a a + a + ” + u  —i a

([5 — 5 n—l ) f (0 )$  1 2 n— I. (1 — 0) ‘~ dO

(a j ) ~ 1+a a -1
+ _______ 

n—i f(O)O a dO }

b. The Integral 1 o-~~

We consider here a double integral of the form

~ (a, b) - (0 
f ~ f( t vA)[ t (1 - v)J~~~(tv)

8 1  t dt dv

where 0 ~~a1b < 1; A > 0; a,8 > 0. Making the change in variable tv — 0

and v U , we get
b au

~(a , b) — J~ f 0 f(Ae)O~~
6
~~(l — U)”~~~ u~

2
~~ de du

— 
jab a+8 1 J~ (1 - U)~~~

l
U

_a_l
dU d:

— 
~ 1o 

f(AO)O 8—l[~(~. — 1) + — 1) Ide

Now 

— - - l)~ 
a+Ø—l dO + 1 

jab 81  
- O) °

i t  a—i 
~~~ 

u—i
— J I •; ‘ I f(t~)t1’ t2 •~~~. t~ 

dt1 dt2 
• • •  dt~~

-

• Again , we perform the same sequence of variable transformation as in the

evaiuation of Zn and we obtain

— ~~ a1 ~‘2’ ~~~~~~ a2 
((13~ ~2 + [B an_2

1+a1 14*2 an_i

(a~_ 1~ %—2 + 
(1~~3 

+ S ’ S  + 
~~~~~~~~~~ 

J
l
~
4*a_l f

~ f(tu~_1)
a +8 +• “+8 —l a —I.

• (t(1 — u~_1)] 1 2  n-i (tu~_1) a 
~ dr du

n-1

10
-•-
-.



r 
___________

This double integral is of the same form as I((a, b) with A — 1, a • 1,

b — a~_1/(i + a~...i)i 
U — a~ + ~2 

+ ‘.. + a~_1 and B — a~. Hence

— [B 
~~2’ a1)HB a2 

((1
3~ a2 

+ 
~i~

1 ‘S .  [B an...2
1

~~ii 
~~~~

~~~~~~~~~~ 
a~_2 + + .5 .  + a1) ) .

an-i

+ a2 
+
1
... + a 1 

f
l+Un l  f (0 )0 fl (1 — e)

1 2  n—1 dO

~~~ _____

1 
1 2 n~l 1+a a +u +‘••+8 —l

— 

~a~_1~ 10 
n—i f ( O ) 0  1 2 ~ do]

5. A Still Further Extension.

Another multiple integral whith is reducible to a single integral is the

following
a—l a— i a—iJ I ... 5 f ( t

~ + t2 
+ .. ‘ + t~) t

1
1 

t
2

2 
•“

• (t 1 + t
2

) (t
1 
+ t

2 
+ t

3
) •.. (t

1 
+ t

2 
+ ‘.. t~~_,) n—

dt1 dt2 
•••  dt

where > 0, (I — 2 , 3 , •.• , a — I.) . The reduction process is similar to that

used for (4) and will not be repeated here.

11
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



~~~
• 6. Applications to Statistics

• 
Statistical distributions of the muitivariate type classified by functional

form have received little attention. For univariate classes, the Pearson’s

type (e.g. see [6)) are well known . For the multivariate case , Lord [14] and

Box and Hunter (3] consider the radical or spherical distributions where the

joint probability density functions of the sequence of random variables

~~ {X1, x2, ..., X.8) has the form

• 

5

; ~~~~~~~~~~~~~~ x2, . . .,  x~) — A f(x~ + x~ + ~~.• + x~)

where A is a constant . Keiker [ill studies linear transformations of spherically

distributed variables, while Baideseari (21 considers density functions of the

form

~~~~~~~~~~~~~~ 

x2, . . .,  x~) — A f(x1 + a2 + ~~ + z~)

2 2where I (X~ — a) ~ r and of the form
i-i

x2, ..., x~) — A f[(x1 — ai) 2 + (x2 — 82) + 
‘ 5 5  +

(xn
_ a

n) I

2where I (xj 
— aj) < r2. Finally, the so-tailed elliptically symeetric

i—i

distributions are studied by McGraw and Wagner [15].

Power transformations of the type X — have been used in Dirichiet ’s

distributions (see e.g. Johnston and Katz [9]) and in the form X — ayA 
— (~~ —

• are known as the TVkey ia~~da transformation [81(10). Generalizations to

the standard Dirichlet distribution were considered by Johnston and Kotz (9].

We consider presently some generalizations of the previously investigated

classes of statistical distributions. in particular, vs study some properties

of a class of mulUvariat. distributions defined by a functional form in

L ~T~I ~~~~~~~~



which the variables may be subject to a power transformation.

Let then A be a positive constant and f(x) be a continuous nonnegative

function defined everywhere in the interval 0 c a c — with the prop erty

I that for > 0, 1 — i, 2, . . .,  a, the improper integral

r
dr

exists and converges absolutely.

Let {X1, X2, ~~~~~~ 
X~} be an n—dimensional non—negative random variable

whose P.D.F. 
~~~~~~~~~~~ 

x2~ ..., xn) is equal to

x1 81 x2 82 x 8 u_ i a2
_1 a—i

A f ( ( -~—) + ( . )  + + (.
~~~

.) ‘~J x1
1 a2 • ~~n (10)

over the region ((a 1, x2, ~~~~ 
Zn

) : 0 c x1 •, i — i, 2, ..., n}, and is

zero elsewhere, and let for i — 1, 2, ..., n the quantities ni > 0, Bi. > 0,

‘ 0 be uniquely defined.

a. The Constant A

The quantity A is given by the normalizing conditions

1 

~ 5” 5” f ( ( 1)1 + (
j~)

2 + •“ +

a1—l a2—l a —l
*1 a2 ~~~~ %~ 

dz1dx2” d x ~

• The mult iple integral is of the same form as (8) with t • • and aj —

i — 1, 2, ..., a. Hence
a ci., a

5 a
1 

82 8n ~~~~~~~~~~~~~
~~~~~~~~~ ‘:‘

~~ ~ 
82

• A $,$ ‘•‘l a a, a

• • p1 p2

a a a
8~~~~~~8,

• 4 a
j
~ 

f (r ) r dr ii

13
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S

b. Mixed Moments

The mixed moments about the origin if they exist, are defined for

— 1, 2, ..., (i — 1, 2, . . .,  n) by the expression

t u;
1
r2.. .r 

— 
~

“ “

•
~~~~ ~~ ~~

2 
••~~ ~~

n 
• ç1,X2 , • 5 • X (X1, X2~ • • •~~ 

Z
n

)

dx1, dx2 dx~

I a+ r  a + r  a+r  a1 +r 1 a2 + r 2 _____1 1 2 2 n n ~~( )r ( ) • • • r (  )
~l2 Bi 82 Ba

I
— A  a + r 1 a + r ,~ a + r4 n 1 + 2 

~~~~~~~~~~81 82 “a

a + r  a + r  a+ r1 i,~ 2 2+...+ n

f ( r ) r dr

c. Marginal Distributions

The marginal PDF +~ (‘) of is given by (0 
~ 

a1 < 8)
• i

— 

a1 a2 
~~ ~~~~~~~~~~~~~~~~ 

..., x~) dx1dx2...dx11dx1~1...dx~

• 
— A 

q1 q2 “ q
~_1 ~~~

• 
8 $  ‘ B  8 • ‘B12 1—1 1+1 n

B —
~~ + + il + + ..~~ + -

• • ~~ 
~~f[T + 

(.i) 
i~ B~ ~2 ii i+1 dr

8
• By a suitable change in the orde r of integration , setting y — r + (x4/q )4 1
• • 

and using the convolution theorem, one can verify that •~ (a1) - 1. In a
• i

similar fashion, it ii possib le to show that the joint margina l P .D.P. of

• 
• ~~~~~~~ ~~~ • • • ~~ 1k (k < n) is given by

14
________ _________



S

• q~~+i q~~+2 ~~•, a1—l a2—l ak
l

• 
XlIX2I•~ 5~

X
k l a2, ••~~~~ x~) — A 8k4.l8k+2 “‘ a1 x2 S e .

B B k+l + + . + .
~~~ -1 

+ 
2 

+ (.~!) + r J  ~~~~ 
B
~~2 

8n dr

The conditional distributions can then readily be obtained. We presently

extablish the following two theore*s

d. Theorem 1

The (a — 1) random variables {Y1, Y2, ..., where

x 8
~

Y —1 X 8j  X 82 X ~~Q~) + (q~) + ‘ 5 ’  + (i
!)

• 1 2 n

have a joint probability density function which is of the Dirichiet type

• inside the simplex

I — 
~~~ y~, ..., : y1 + y2 + •“ + yn-~ 

c 1, y1 0,

• y2~~~0, . . . ,

• and which is zero elsewhere .

Proof:

X 8i x Bn
Let Y 

~~~~~ 
+ . . .+ ( ~J)

• n
S 

x B~
Then (.~~t) •Y1T8, i.i, 2 , . . . ,  n — l

and (
ç
) — ( l— Y1 — Y 2 — ’.’—Y 1)Y

_ _  

U _



This particular transformation maps the region ((a1, a2, Zn) : 0 < — ,

I — 1, 2, . . . ,  a) onto the region C — {(y1, y2, . . .,  y~) : y1 + + •‘•  + 
~~~~~~~ 

~~ 1,

> 0 for I — 1, 2 , ... , n — 1, 0 c y
5 

c .}• The corresponding inverse

functions for this one to one transformation is

i/B
X1 — q 1(y1

y ) I , i l , 2, ..., n — i

1/B
• X0

_
~~~[(l_Y 1

_ Y
2

_ ... Y~~1)Y~J 
n

The Jacobian of the transformation is

a (x1, a2, ..., x)~
— a(y1, ~

‘2’ ... , y~)

• 
!~~i 

ax1 ax1
• a)!1 ~

‘2 ~ 
•

— : 
ax ax axa a a

~
‘l ~

‘2 a

Now for i — 1, 2, •..,  n, we have

1
1ax q

~ yay 1 B
~ 

in

• axij — _ O  for j # i ,n

Also for i — 1, 2, ..., n — 1

1

- - - - 7 ) 7 ] n

16
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i

1j • i— (1 — “ — ~n~l~K1 — — — .,. —

The value of the Jacobian is thus

~ 
11 

~
7i~n~~

1 
‘ ~ ~~2yn

2 

~~~~ n-i~n~~~~~

‘a 

~ l ~ 2 
- 

~~
“ — 

~~~~~~~~ 
‘~

S ~
‘n Y~ ‘ ‘

Noting that the value of the determinant is y ’
~~
, we have

1 1 1 1 1
• q

1
q
2 

~~~ ~ c~ c 1  8n—l 
ç+ ç+ ~~~~~

— B~B~ “ 8~ ~ l ~2 f l i

— 
~l 

— 

~2 
— “ — 

~~~~~~

Hence , the jo int P.D.F. of (Y1, T2, ..., Tn l ’  T~) is for (y1, ~2’ 
•~~~~~‘ 

e C

____ 

82
_i 

________• 
~l 

82
_i 

~2 
a — i

A f(18)q1 ~‘i’n~ 
q2 ~~~~~ %-i ~~~~~~~~~~~~~~ 

a-

a-i
a—i Bq U [(1 — y

~ 
— 

~2 — •,~~ — Y~_j)Y~J 
n 

• I~’I

17



a a a a1 a2 an_i an
R~~~~

1 g 1
l 2  ‘fl 1 2 n-l a• A 8182 “‘ 8n ~

‘1 

a 

Y2

a 

“‘ (1 — y1 
— 

~
‘
2 

— —

Bn

and is zero elsewhere. Using the computed value of the constant A in (ii) we

obtain for the joint P.D.F. of (Y1, Y2, . . . ,  Y~_1} inside the simplex ~ to be

a a a a a a
r + _a + ..~~ + _ !) ~~~ - 1 -1 - 1
8i ~2 

8n Bi ~2 
8n—i

a a a “l “2 ‘
~~~~~~

r (.~i)
• B

i 
8
2 

8n an
B

(i — y
1 

— y
2 — —

and to be zero elsewhere.

• 18
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e. Theorem 2

The a random variables (Y , Y , ..., Y ) where1 2  a

(
i+i)

y — 
1+1 i i , 2, ...,n — li x 8~ X

2
8
2

(J~.) + (~~~) + .‘• + Q:.)
1 2 1

X 81 X 82 X B

Y - (.1) + (~~~) + •.
~~ + ( a)

1 2

are indep endently distributed . The marginal P.D. P.  of Y1’s are

,
Ai 

- , 0 <y 4 ~~~~ c~~~~~~a1 0
2 

01+1

(1 + ~~) 1~~~~ 2 
+ 

(i — 1, 2, ..., n — 1)

0 , otherwise
• a a a

• A~~f (y ~)y~
sy (Y ) —

0 , otherwise

where the At ’s are normalizing constants.

Proof :

• The joint distribution function of (Y1, Y2, .. . ,  T~} is given by

~~~~~~~~~~~~~~~~~~~~~~~~~~~

z 82 1 81 x $3 I 6i
• 1’

~~~~~~~~~~~) !.Yi~T~ ‘ ~~~ ~~Y2
R
~~

) + (c) 
~

I 8n i”~— 1X 8i i”n X B~j ~ 
in—i Ji ~4~

) 
~

t 
_ _ _ _ _ _ _  

I • • 
• 
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a a a
— A f J e . .J f [( .

~~~~) + (~~~~
) + . . .÷ ( _

~
l) ]  

-

a — i  a -i  a - i
x i ~~2 dx dx “‘ dx• 1 2 n 1 2  n

where T is the region of integration defined by the set of points

- a a 8
i a 81+1

T 
~~~~a1’ 

x2, .. .,  a~) : x1 > 0 , Z (~~) ~~y0
, ( 1+1

)

n x  I
< Y ~ Z ( —~ ; i — 1 , 2 , ..., n)

1 ~j

Thus , from (9)
• a

~ 
a~

q1 q2
~ ‘i’ “2 ~ •

~~~~~
‘ 
T~ < y~) — A 

8182 “~~

[B • 
(_a , JL) J

_______ ~2 
81

1+7
1

(3 ~.i, a + ~i)] •“ (B (~A, ~!!~1 + + ... + _L)]2 8
3 8

2 Bi ~n—i 
8n 8n—l 8n—2 811472 a a a

V
~ n 8

1 ~2Jo ~~~~ 
a dy

which establishes the independence of T1, Y~, ..., Y~• The distribution

function of T1 is (0 < y~ < •)(i — 1, 2, ..., n — 1)

a~~~1 a a , 1  a
A I (—

~~~~~~~ 
~~~~~ + ‘-~~~~~~~ + .‘. + —)i yi $

~+~~
‘B L i—l

1+y ——1 — +  
—

• u ’A
1 J0 

y (l — y) — 

dy

4i_ 
_  
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0

where A — 
1

~ 
B(~~ +

Hence the P.D.P. ofY~ (i 1, 2, ... , n— i )  is f o r O< y 1 <~~~~

— 1
VBI+1

— A1 
1
+ a + ... +

( l + y
i
)

• which can be recognized as a beta distribution of the second kind. The

P.D.F. of is (0 
~~ 7n < —)

y~~
Yn’ 

- A~ ~~~~ “n 
a

a a a... +_ !_ i
where 

— 
82 dr

Theorems 1 and 2 are generalizations of some well known results in statistics

(see e.g. Wilka [19] and Aitchison (1]).

2].
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